A di gital phase mete r is desc ribed whic h is capable of operati ng from arbitrarily low frequ e ncies to 10 kHz , for which the lo we r limit de pe nd s essenti ally upon th e tim e avail a bl e to the ope ra tor to make th e measu re me nt. Th e phasemeter involves a logic circ uit whi ch can be assemb led easily from co mm e rcially avail able logic modules withou t th e necessity of a profi cie ncy in electroni cs. The output of the logic circ uit is read into a co nve ntional digital preset frequ e ncy· rati o meter. The de te rmination is absolute and utili zes a time base. Acco rdingly , no calibrati on against a phase standard is necessary.
Introduction
This work is con cerned with the description of a highly accurate digital phasemeter capable of operating from any arbitrarily low frequ e ncy up to 10 kHz continuously. The lower limit on frequen cy d epe nds essentially upon the time available to mak e th e measurement. The demand for a device of this type ofte n arises in certain types of rheological measure me nts on s ub stances manifesting very long relaxation times. Apparently most , if not-all, commercial production phase meters have a low-frequency cutoff in the low audio range , at best , and the more accurate ones are capable of measuring at only a single frequency. The device described here utilizes logic I circuitry, which can be assembled easily from commercially available logic modules 2 without the necessity of a proficiency in electronics. The output of the logic circuit is applied to a conventional digital preset frequency-ratio meter. The prototype without th e frequency-ratio meter is shown in fi gure L For two periodic signals of the sam e wavefo rm , but relatively displaced in tim e, a phase angle may be defined as the angular se paration be twee n a pair of corresponding : 1 points selected arbitrarily. Thus, I "Logic" as co mm onl y used in co mput er tec hnology, applies 10 compa tibl e elec troni c co mpo ne nt s. whi ch when int e rco n nected ap pro priate ly. ca n impl e me nt digital arithme ti c us in g a s uitabl e level detector, a measure me nt may be obtained on a tim e base, whi ch has a great advantage because meas ure me nts in time may be take n to very hi gh resolution. In the pbasemeter to be described zero crossin gs (with both deriv atives) we re selected as th e ch aracte ri s ti c points. This c hoice is appropriate because the first derivative of a sine fun ction is a maximum wh e n the value of the fu nction is zero. Thus, maximum resolution in th e time of th e le vel cros sin g is obtained. Consequently, only two basic ingredients are necessar y to meas ure phase under ideal condi tion s, a stable le vel de tector (for example, a high gain, or open loop , operational amplifier, or a voltage comparator) and an accurate time base generator, which is activated by the level detector. If T is the time interval between corresponding zero crossings and II is the frequ ency, the phase angle cp in radians as defined above is cp = 27TIIT.
(
The nature of errors often e nco unte red over a one cy cle measurement using a di gital time interval me ter (counter) is di sc ussed in reference [2J. 4 An alternative me thod is to measure the output of a s uitable level detec tor with a voltmeter over many cycles of input signaL Also, a so-called "coincident sli cer" [3J has bee n use d in this connection. Some discussion on modifying the logic circuit to use a digital integrating voltmeter in place of the frequency ratio meter is in cluded later in this paper. FIGURE 
Prototype containing the logic circuit.
In practice ideal sine waves are never encountered, and in general the quality of the signals will not be as good as desired. Accordingly, the course which was followed in this work was to analyze the effect of signal imperfections on the shift of the zero cross· in gs from those of ideal sine waves, and then to atte mpt to develop an in strum e nt which would esse ntially ignore th ese imperfections and other pote ntial sys· temati c errors.
The results of this work are considered to be very satisfac tory. The determination is absolute in the sense that it does not have to be calibrated against a phase standard, but may be referred to the basic frequency standard. It involves only one adjustment which can be made without the use of auxiliary equip· ment and which may be omitted with only a slight loss in accuracy. On comparison with a quality phase standard operating at 400 Hz with an accuracy within ± 0.01 0 claimed by the manufacturer, agreement was found to be slightly better than the accuracy claimed for th e above instrument.
Design Considerations

Errors En~ountered Using Zero Crossing Detectors
If the frequency of the fundamental is constant, a signal may be considered to consist of the funda· mental sine wave plus imperfections, which include d·c offset, noise, and harmonic distortion. With a zero· c ro ssing detector these imperfections will usually influen ce the position of the zero crossings of an other· wise ideal sine wave. Clearly, if the waveforms of the two signals are the same (includin, g the imperfections), the zero crossin gs of each signal will be displaced from thos e of the fundame ntal by the same amount with no corresponding error in the apparent 5 phase angle. 5 1n this usage "apparen t" app li es to th e a ngle give n by the ph ase meter.
Unfortunately, in practice, the imperfections accom· panying the fundamentals of the two signals usually will be significantly different. The imperfections which are considered are d·c offset, noise, including periodic disturbances incommensurable 6 with the signal fre· quency, and harmonic distortion. Also considered is frequency instability, which is a special case for which the "sine wave" itself does not exist. In order to simplify the analysis, one of the signals will be con· sidered hypothetically to b e a pure sine wave, while the other will be considered to contain only one of the following designated imperfections.
Unless a transformer coupled output is used, the presence of a significant doc offset voltage accompanying the signal is very likely. This is particularly true at low frequencies because of the necessity of using either direct coupled stages with "bucking" voltages, or very large electrolytic capacitors with significant dissipation.
The effect of an offset voltage on the apparent phase angle is easy to analyze. For a given offset voltage, Eoc, the positions of the actual zero crossings are the solutions of the equation
For offset voltages smaU in compari so n to signal amplitude , the corresponding phase e rror usin g positivegoing crossings is Eoc !J..cp = --. E, (2) Accordingly, the error introduced here may be very serious. For example, if one wishes to make a measure-ment to within 0.01°, the offset voltage may not exceed 175 f.L V with a 1 V signal. Since offsets of this magni· tude or more are usually e nco untered in low·frequency measurements and their magnitudes are usually not known or even constan t, it is desirable, if not necessary, for accurate measurements to in corporate a technique in the design of the phase meter to cancel or essentially eliminate errors from thi s so urce. Two methods of accomplishing this will be mentioned in later sections. One of these is to utilize both positive· and negativegoing crossings for tri ggering.
The effect of long time instability in level detectors may also be treated in the same fashion as offset voltages accompanying the signals.
b. Noise
Noise may be considered to be a randomly varying offset voltage for which the integral tends to go to zero over large values of the argument, time. Through reasoning similar to that in the last section, a bound on the error in the appare nt phase angle measured over one cycle may be approximated by
where r is t~e signal to nois e ratio. Since noise is usually random in c haracter, and sin ce th e errors in time are esse ntially an odd function of the instan· taneous noi se, one would expect the phase error to be effectively cancelled if the meas ure ment is tak en over many periods of sine wave. This is accomplished by using a preset frequency·ratio me ter.
Periodic Auctuations , such as 60 Hz hum , for which the frequency is incommensurable with the signal frequency have an effect similar to noise. Although these Auctuations are not random, by the specific nature of their regularity and incommensurability (with respect to the input signal frequency) , the con· tributions of all the errors in time should cancel pro· viding the measurement is taken over many cycles of both input signal and periodic disturbance. Commen· surable periodic imperfections other dian harmonics are not considered because the possibility of encountering them is remote in this application.
c. Harmonic Distortion
With phasemeters based on zero crossings, harmonic distortion appears to be the most annoying imperfection. In general, there is apparently no obvious and reliable method to remove or even significantly reduce the corresponding errors in the apparent phase angle. Oscillators with less than 0.02 percent harmonic distortion are not common; th erefore, significant harmonics are usually introduced into a network which is to be investigated. Since both the phase shift and attenuation of any network are gener· ally frequency dependent, the c haracter of the har· monic content with respect to the fundamental will be modified so that effec tive cancellation of zero crossing errors is nonexistent. The only reliable solution to this problem is to reduce harmoni c dis· tortion at th e source as mu c h as possible and to maintain'the network input voltage sufficiently low to linearize respo nse. This procedure is, of course, not always possible.
. In order to analyze the errors introduced by harmonic distortion, the c haracter of the distortion must be known with respect to the amplitudes and phase relations of the significant harmonics. This kind of information is nearly impossible to obtain. The following argument reveals some se miqualitative information which may be useful, in particular, when knowledge of the harmonic content is ]jmited.
In general, ignoring the doc component, which was treated earlier as an offset, a periodic signal with repeat frequency W/21T may be expressed in terms of its Fourier components as follows:
where the first term on the right is the un distorted signal, again arbitrarily taken as a sine function. The positions of the zero cross ings are given by the solutions of the following eq uation in which the cos ine terms have been resummed to distinguish between odd and eve n harmonics.
= 2
For small harmoni c di stortion the behavior at the positive·going zero crossing may be approximated by
The corresponding phase error is accordingly (4) The response in the VIClllIty of the negative-going zero crossings may be evaluated by replacing the argument wt by wt + 1T and again evaluating the behavior at small wt. The negative-goi ng crossings are, accordingly, the solutions of the equation
Using multiple angle formulas and the approximations used previously, the following phase error is obtained:
,,~~~[t. E;-2~. E.}E. (5) Equations (4) and (5) pertain to positive-and negativegoing zero crossings with indices j and k pertinent to odd and even cosine harmonics_ Obviously, if both zero crossings are used for triggering, the errors in phase are additive_ In this case the phase error is J .:lcp =-2L Ej , (6) j=t which indicates that under the conditions imposed on this evaluation, only the cosine terms of odd order contribute to phase errors when contributions at all zero crossings are considered~_ . When the amplitudes of the significant harmonics are known without any knowledge with respect to their sign and zero crossings (as obtained from a wave analyzer), a useful bound on the phase error is
where q is the harmonic number. In practice the phase error is usually considerably less than that given by eq (7) because the sine terms essentially do not contribute to phase errors. Some additional discussion on phase angle error introduced by harmonics is presented by Epstein [4] in his description of a similar device. Also, a technique which is supposed to com pensate errors from even harmonics is suggested, although errors resulting from odd, out of phase, harmonics are, again, not compensated by his technique.
d. Frequency Stability
Since the apparent phase angle is linearly dependent upon the frequency (eq (1) with constant T), the frequency must be known and stable to within the desired accuracy of the phase angle during the course of the measurement. Accordingly, for an error in frequency by the amount .:lv, the relative error in phase is .:lcp = .:lv . cp v If the frequency instability is random with time, an average and more reproducible value of the phase angle may be obtained by taking the measurement over many cycles.
Principle of Operation
Basically this phasemeter is a timing circuit which obtains the information necessary to evaluate the phase angle by measuring the average time intervals between appropriate pairs of zero crossings of the two sianals over an integral number of cycles. Triggering b
• • modes involving all zero crossmgs, or one pall' per cycle, may be used. If ·1 e latter mode is used , the zero crossino-s may be corresponding 7 or noncorresponding.
The ch~ice of the mode is often arbitrary, but for maximum performance, depends upon the character of the signals. The following description is based upon the utilization of all zero crossings, which is the most common mode of operation for this instrument, and, for brevity, the phase angles are restricted to the first and second quadrants.
A gate which interrupts a clock signal is controlled by two devices (one for each signal) which respond to all zero crossings of the signals. The output of the gate is connected to the numerator input of a preset digital frequency-ratio meter. Another device which generates a pulse for each zero crossing of one of the signals is connected to the denominator input of the frequency-ra60 meter. Accordingly, the display on the frequency-ratio meter gives the total number of clock pulses accepted by the gate for a duration of N/2 periods of input (the active time of the frequency-ratio meter) , where N is the value of the denominator, which is preset on the frequency-ratio meter. The value of N is arbitrary, but for maximum performance, depends upon the signal frequency and the signal to noise ratio. The determination of the phase angle requires two measurem ents. The first, essentially determines the time between pairs of corresponding zero crossings of the two signals, whereas the second, measures the period, or frequency. (If the frequency is already known to sufficient accuracy, the second may be omitted.) In the first measurement zero crossings of one signal activate the gate while zero crossings of the other signal inactivate it. The gate is, therefore, active, two times per cycle, each for a duration of cp/w. This procedure continues for exactly N/2 cycles after which the frequency-ratio meter is inactivated. Thus, the gate is active for a total duration of Ncp/w while the frequency:ratio meter is active. When the second measurement is taken, the gate is always held active, and its total effective active time is 7TN/w. Since both measurements are referred to the same clock, the above durations are related to the digital displays by the same factor. Accordingly, the phase angle in radians is cp=7TR ,
where R is the display ratio for the first and second measurements.
Since all zero crossings are used to obtain the information, the measured phase angle is ambiguous by 7T. When the phase angle is in the third or fourth quadrants, cp appearing in all the durations above should be replaced by cp -7T". Accordingly, the phase angle is cp=7T(R+l),
As will be explained in a later section, the flip-flop switching becomes spurious using this mode when the phase angles approach 0 or 1T-For this reason these values are excluded [rom the above inequalities_
The explanation based on the utilization of one pair of zero crossings per cycle is similar. In this case the gate is only activated once per cycle, and only one pulse per cycle is applied to the denominator input of the frequency-ratio meter. Using pairs of corresponding zero crossings , the total effective active times of the gate for the first and second measurements are Ncp/w and 21TN/w. Th e phase angle is Using noncorresponding zero crossings , cp appearing in the above active times should be replaced by cp -1T. The phase angle is then
cp = 7T(2R + l) .
It is apparent that changing between these last two modes is equivalent to introducing a phase shift of 1T to one of the input signals. In these modes the re is no ambiguity in the phase angle , as with the utilization of all zero crossings. Th e merits and limitations of the various modes are dis c ussed further in a later section.
When the freq uency is known to sufficient accuracy, the frequency-ratio met er may be preset appropriately to read the phase angle directly in degrees in the first reading_ The obvious requireme nt is that the ratio of the clock frequency to the signal freque ncy should be such that the value calculated for N should be an integer. Since, in general, the frequencies of these two signals are probably not commensurable, the calculated value for N should be sufficiently close to an integer to obtain the desired accuracy in the measurement.
2.3_ Interconnection of the Logic Modules
In this section the logic circuit is described, which is capable of performing in the manner described in the Figure 2 is the schematic diagram of the logic input to the frequency-ratio meter giving the arrangement of the designated logic modules. s Figure  3 gives the time or angular dependent waveforms corresponding to the points designated in fi gure 2 using all zero crossings. With th e particular line of modules used , both logic levels are neo-ative and are activated by positive-going pulses (positive logic) with appropriate heights and rise times only. The two signals to be compared in phase are applied to the two essentially identical c hannels for appropriate processing. The initial stage of each chan nel is a voltage comparator. Whenever the input signal is slightly positive with respect to an arbitrary doc reference, the comparator goes to the more positive logi c level, and whenever the input signal goes slightly negative with respect to the reference, the output goes to the more negative logic level. Typically, a signal input swing of 20 m V is sufficient to swing the output to saturation at both logic levels. In order to obtain good resolution in time, however, the imput amplitude should exceed by far that need to saturate the logic levels over the course of a cycle. The excess amplitude depends, of course , upon the c haracter of the signals, for example, the signal to noise ratio. For the performance evaluation , des cribed later, 1 V amplitude was found to be more than s uffi cient.
In order to obtain a doc reference voltage for the comparator, th e simplest course is to connect the reference te rminal to "common"; however, this method may introduce a sli ght bias, which will be, in effect, the same as a small doc offset accompanying the signal. In ge neral, a more satisfactory me thod is to apply a well regulated doc voltage 9 ne cessary (usually several millivolts) to establis h th e co mparator output at a voltage midway between th e logic levels with the input shorted. This adjustment, which co mprises the only one necessary in this device, is accomplished by shorting the inputs to ground and co nnecting the voltmeters shown in figure 2. In place of com para-!! The logic sy mbol s lI sed he re arc taken from re fere nce rSj. 9 A suitable reference vo lt age may usually be obtain ed from the ce nt er tap of a multiturn voltage divider co nnected to the well regulated power supply such as one obtained from the manufacturer of the modules. tors other types of level detectors, including certain operational amplifiers, could probably be used as well, provided they are sufficiently stable and compatible with subsequent stages. The choice of type of module or component here and certain other places in this circuit is often a matter of convenience depending upon the line of modules used, and the imput requirements. In order to obtain information from both positiveand negative-going zero crossings, the circuit branches at the comparator outputs, as shown, with one of the branches in each channel being applied to an inverting amplifier. The next stages in each of the branches are bistable squaring circuits or Schmitt Triggers (designated ST), which decrease the rise and fall times from the comparator and inverter outputs, in particular at the lower frequencies_ At the outputs of the Schmitt Trigger these times are essentiall-y ind epe ndent of the input signal frequency and now compatible with the requirements of subsequent stages or modules. The direct inputs of the Schmitt Triggers should be used here and set to trigger at a voltage approximating the average of the logic levels. This is easily accomplished by fixed biasing in accordance with the instructions supplied by the manufacturer.
<P"
The following stages are "single shots" (monos table multivibrators, designated SS)_ The reason for the 10 ILsec pulse width show n is to reduce the occurrence of spuriousness from noise as explained in the next section.
The outputs from the "single shots" are combined as shown to form the channel outputs, which are applied to the I'set" and "clear" (designated S and C) inputs of a flip-flop (bistable multivibrator, designated FF). Pulses at both flip-flop inputs correspond to all zero crossings of input signals (both positive-and negative-going). The "single shot" outputs may be disconnected appropriately in order that flip-flop is active onl y once per cycle and controlled by either corresponding or noncorresponding pairs of zero crossings, which are used for phase angles in the vicinity of 1T and 0, respectively_ The merits and limitations ofthe above triggering modes are discussed in the following subsection. It is desirable to connect high impedance indicator lamps 10 at the flip-flop outputs to detect spuriousness or malfunctioning if either should occur. Connection to the trigger input (designated T) is not necessary for this application.
The pulses received by the flip-flop will be delayed from their corresponding zero crossings of input nearly equal to the sum of the rise times of the preceding stages_ Clearly, if these delays are the same in both channels, no corresponding error will appear in the apparent phase angle. Since significant differences may appear in these delays, the corresponding error may be effectively cancelled by repeating the measurement with the channels interchanged by switching 51 and 52 and taking the average reading. In the prototype, the difference in these delays was found to approximate 1 ILsec.
The output of the flip-flop is split into two branches. One of these is applied to the input of a "single shot" which generates pulses corresponding to zero crossings of input. These pulses are used to activate and inactivate the frequency-ratio meter. (In order to prevent spuriousness from noise , it is necessary to use this "single shot" to gate the frequency-ratio meter rather than to use any of the four "single shot" outputs which control the flip-flop.) The other branch is applied to one of the inputs of an "And" gate 11 which gates a clock signal for a duration proportional to the phase angle, with 53 in the lower position as shown. When 53 is in the upper position, the corresponding gate input is held at the active level (designated by 1), which means that the gate output is controlled by the clock signal only. Either passive or active "And" gates may be used here; however , the passive gates used were found to have faster rise and fall times. In order to generate the clock signal, a sufficiently stable oscillator at an appropriate frequency (depending somewhat on the anticipated signal frequency range) may be used_ Usually it is desirable and convenient to use the oscillator of the frequency-ratio meter (usually 1 MHz) for this purpose. The Schmitt Trigger following the clock oscillator may be necessary depending upon input rise time requirements of the "And" gate.
Outputs A and B are applied to the AlB inputs of a 10 Compatibl e transistorized or electronic high impedance indicator lamps are usually available from the manufacturer of the logic modules.
Il The out put of an "And" gate is active only when all inputs are active.
suitable preset digital frequency-ratio meter. The "preset" feature is important because it makes possible a measurement over N arbitrarily selected periods of input. Taking the measurement over a large number of periods effectively averages the influence of noise on the positions of the zero crossings and improves the phase resolution which would be limited by the clock frequency. If the "preset" feature is not available, it may be incorporated by constructi ng a frequency divider by appropriately interconnecting a suitable n1lmber of flip-flops.
At very low frequencies one may not wish to spend the time necessary to average the effect of noise by taking the measurement over many cycles of input. Birnboim [6] has 'iuggested and tried a method utilizing tunnel diode level detectors to control a gate. In complete absence of noise a given tunnel diode will switch rapidly only once per sin e wave zero crossing. In the presence of noise the tunnel diode may switch several times in the vicinity of the fundamental zero crossing turning "on" and "off" according to the actual sign of the input in a manner similar to a voltage comparator, but with much faster transient times. According to Birnboim, the active time of the output is nearly the same with or without noise with this method, even though the measurement is taken over only one cycle of input. Extreme caution must be taken, however, with measurements over only one cycle of input, in that long transient times in the signal are damped so that a steady state is acquired. Even at very low frequencies a network which manifests an appreciable phase angle will often manifest a long transient time of magnitude comparable to the period. In some cases it appears possible to prevent the coincidence of pulses by introducing a small phase shift in one of the signals with an appropriate phase shifting network before one of the comparators. It is not necessary to know the exact value of the phase shift because its effect can be canceled by taking a second measurement with the channels interchanged utilizing switches 51 and St ( fig. 2) , which is the normal procedure even without this phase shifter. This is probably feasible at the higher frequencies; however, at very low frequencies the phase shifter would probably produce a large transient which would not damp out within the time desired to take the measurement. Accordingly, it may be desirable or necessary to use only one zero crossing per cycle which imposes certain other limitations, as discussed in the next section.
Single Versus Double Triggering
As mentioned earlier, several modes of operation are possible with this phase meter. The phase angle can be measured by utilizing information from all zero crossings, or from one pair per cycle involving either corresponding or noncorresponding zero crossings. In this section the merits and limitations of eac h mode are discussed. The terms "single" and "double" triggering refer to whether the gate is active once per cycle and controlled by either corresponding or noncorresponding pairs of zero crossings, or active twice per cycle controlled by all zero crossings, respectively.
The most accurate measurements are taken with double triggering, as will become apparent; however, a limitation in this mode of operation is that phase angles must be sufficiently rrmote from either 0 or 'TT. From figures 2 and 3 it is apparent that the flip-flop "set" and "clear" input pulses approach coincidence as the above angles are approached. The degree to which these angles can be approached depends upon the amount of noise present at the input, the input level detector stability, and the flip-flop response times.
A minor disadvantage of double triggering is that there is an ambiguity between the angle <p and <p + 'TT.
Usually a phase angle is known to within ± 'TT/2 before the measurement is commenced; however, if this approximate information is not known, an initial measurement with single triggering, which is not ambiguous in this respect, is useful to determine the proximity of the angle before commencing with the more accurate measurement using double triggering. Whenever the phase angle is sufficiently remote from 0 or 'TT, double triggering is the preferable mode and is very reliable, even when moderate amounts of noise are present in the input signals. Under these conditions, there may be more than one actual zero crossing per zero crossing of fundamental. Accordingly, the input stages, including comparators, inverters, and Schmitt Triggers, will chatter with a corresponding burst of pulses appearing at the flip-flop inputs. If the flip-flop is set by a pulse corresponding to the first zero crossing of one signal, all subsequent crossings will be ignored until the flip-flop is cleared by a pulse corresponding to the first zero crossing of the other signal. Since all zero crossings are used, no spuriousness can result from an actual zero crossing being opposite in sign from that of the fundamental in this vicinity. The noise will still perturb the positions of the zero crossings; however, when the measurement is taken over many cycles, the effect of noise on the measurement should be effectively canceled because of the random nature of noise. As will be explained in the next paragraph, complete freedom from spuriousness from noise is not inherent in the single triggering mode.
When the phase angle approximates 0 or 'TT, and when the double triggering mode is used, the pulses appearing at the "set" and "clear" inputs of the flipflop approach coincidence, which makes the output spurious, as mentioned earlier. Under these conditions one must proceed with single triggering using pairs of corresponding or noncorresponding zero crossings when the phase angles approach 'TT and 0, respectively. Unfortunately, with single triggering, if the noise is sufficiently large, the output will, again, be spurious. In this mode there are unused, or ineffective, zero crossings. If a burst of noise appears in the vicinity of a zero crossing intended to be ineffective, the actual signal may reverse slope opposite to that of the fundamental one or more times within the critical region over which the circ uit responds to fluctuations. Thus, zero crOSS ings which are supposed to be ineffective become effective in an irregular manner with a corresponding spuriousness in the measurement. For a given signal to noise ratio, it has been found that spuriousness from noise was encountered more at the lower frequencies_ (For example, with a one volt signal with a signal to noise ratio of 100, spuriousness was detected using the single triggering mode at frequencies less than 10 Hz_) Presumably, this is because the time of the critical region is longer at the lower frequencies_ The increased pulse widths, or increased active times, of the "single shots" shown in figure 2, will in some cases eliminate the effect of this disturbance_ The longer pulse simply prevents the flip-flop from chattering from more than one crossing of input in the vicinity of each zero crossing of fundamental for a duration equal to the active time of the "single shots_" Ideally, this time should depend upon the signal frequency with the limitations being that it should be small in comparison with the input period and slightly larger than the duration of the critical region over which the circ uit responds to fluctuations_ A given pulse width on the "single shot" outputs is obtained by connecting the appropriate capacitor as instructed by the manufacturer of the logic modules. Variation of these capacities with frequency may be accomplished by suitable manual switching. This feature was not incorporated in the prototype. Since this type of spu· riousness does not appear with double triggering, there is no need to increase these pulse widths, except to assist in visual display on an oscilloscope, if this need should occur.
In the author's anticipated applications for this phasemeter the occurrence of phase angles in the vicinity of 0 or 1T is not anticipated. Accordingly, all of the measurements are to be taken using double triggering, and not much has been done to improve the performance in the neighborhood of these angles where single triggering is necessary. Extension of performance to improve reliability in the neighborhood of these angles might be accomplished by the capacitor switching scheme mentioned above, or by incorporating in the circuit some sort of a stable trigger hysteresis limiter. Suc h possibilities, which could be modified to be compatible with the logic line used, are given in reference [7] .
One of the principal advantages of double triggering is that errors from doc offs e t voltages are canceled, providing the waveforms are symmetric about their peaks. The obvious limitation is, of course, that the offset voltage must be less than the a mplitude. This cancellation is verified by the following argument. Consider an even function which obeys the above symmetry requirement,
which has an extremum at Ilt = O. It is desired to find the change in the apparent phase angle Ilcp resulting from shifts of the zero crossings Ilt from an offset voltage EDC• Using the closest zero crossings on each side of wt = 0 , we take
which can be true only for It is not necessary to equate both sides of the penultimate equation to zero because the relation is valid for any pairs of values of an even function chosen by setting the argument wt = -wt.
The above result is illustrated in figure 4 , which reveals the phase angle errors introduced from doc offset using single triggering: (a) gives the time dependence of the symmetric input waveforms, which , for the purpose of argument, are sine waves , and the time between any pair of corresponding points is cp/w. One of the signals with amplitude E1 is offset by the amount E DC for which the time between actual zero crossings is shifted by the amount t::..t =EDC/wE l • (b) gives the corresponding wave form for the control input of the gate, which, in this case, is controlled by only positive-going zero crossings of (a). The dashed line shows what the gate input would be in the absence of offset. Clearly, the apparent phase angle is in error by the amount wilt. (c) gives the gate input waveform using all zero crossings of (a). For sy mmetrical input waveforms, the errors introduced by each pair of zero c rossings cancel as shown . In addition, as illu strated in sec tion 2.1c, the phase errors introduced by eve n , out of phase, harmonics are effectively eliminated only whe n double triggering is used.
Modification for Integrating Voltmeter
Depending on th e nature of the application of the phasemeter and the avai lab ility of certain types of equipment, one may wi s h to use a digital integrating voltmeter in place of the digital frequency·ratio meter. A phasemeter using thi s tec hnique has been described by Heydemann [8] . In ord er to modify the logic circuit to be used in co njun c tion with an integrating voltmeter, the flip·flop shown in fi gure 2 should be replaced by two as shown in fi gure 5, si milar to the circuit devel· oped by Heyde mann . This arrangement converts the two logic levels, A and B, into three, A -B, 0, and -(A -B). The prin cipal reason for doing this is for the ze ro output to corres pond to a ze ro (or 7T) shift in phase. The flip·flop output waveform s correspondin g to the designated points in fi gure 5 are shown in fi gure 6 as a fun c tion of wt . , a a nd b are th e outputs at points a and b in figure 5 and a-b is the diffe re ntial input of the integrating voltm e ter. Th e appare nt phas e an gle cp in te rms of the voltages s hown is f 7T! V ed (wt) 
cp = 47TNE
where N is the integral numbe r of periods, selected arbitrarily, over which the meas ureme nt is tak e n , e is the instantaneous voltage, and E is th e magnitude of the two active levels. For angles 0 < cp < 7T, th e output is posItIve as s hown in (a), and for angles 0 > cp > -7T, the output is negative as s hown in (b). A reversible 12 integratin g digital voltm eter is prefe rable to the more co mm on absolute-valu e type because with the former the sign of th e phase angle is given as well as its magnitude. In fi gure 6 thi s di stin c tion is illu strated by taking cp and -cp by s imply re ve rs in g th e inputs as shown at the top of th e fi gure. Th e a uth or has not assembled a prototype e mployin g an integrating voltme ter. It is apparent that the integratin g voltm e ter technique might have advantages co mpare d to th e frequen cy-ratio meter technique at hi gh freq ue ncy. It is not limited by the finite resolution im posed by the clock freque ncy and may tend to more effe ctively cancel errors resulting from finite flip -fl op o utput rise and fall times. However, at low frequen cies the frequen cy-ratio meter technique should be advantageous . For exam ple, at a frequency of 1 Hz it is easy to establish the period, or any interval within the period , to within ± 10-6 sec. Under ideal conditions this would introduce a corresponding error of ± 0.00036°. Comparable acc uracies using voltage meaS l, rements at this frequen cy are diffic ult to obtain. With the scheme shown on fi gure 5 th e output is not affected by offset voltages, providin g the waveform s are again symmetric about th eir peaks, as illu strated in reference [8] . Howe ver , the possibility of spuriousness from noise is !lot co mpletely re moved as it is with tl1<" freq uency-11 A revers ib le (so me tim es ('ull e d " co unt -up , c ou nt -down ") m e te r int egr ates the s igned va llJ c Qy c r a p rcse lc<;l cd lime inter val and indic ates th e sign of th e d efi nit e int egral i n th e read ollt . An a bso lut e· va lu e me ie r int egra te s th e magn itud e o f th e fun c ti on ove r a pres el ec ted int e rv al with out res pec t 10 s ign . '-Ie n ce, in thi s a ppli ca tio n , a n a bs ol ut e ·valu e m eie r will give the correc t ma gnitude of the pha se a ngl e, but wi th no informa tio n with res pe c t to lag or lead , whe re as, th e re ve rs ibl e mete r co mpl e tely s pec ifie s th e phas e a ng le . ratio technique using double triggering at phase angles sufficiently remote from 0 or 7T.
Performance Evaluation
This section includes the description of tests by which the apparent phase angles obtained by this phasemeter are compared to those generated by reliable sources.
Using common laboratory techniques, it is difficult to obtain a phase "standard" operating continuously over the audio range to better than 10 min. The limitation seems to be mostly in the quality of sinewave generators because of distortion and frequency stability_ Ironically, variable frequency oscillators, such as frequency synthesizers, which have excellent frequency stability, usually have considerable harmonic distortion, and those which have good wave form usually lack the stability desired for this test. If one is willing to make a comparison at a single frequency, there is at least one commercially available phase shifter capable of generating two very pure coherent sine waves from which a continuously adjustable phase angle (over 27T) can be defined to within ±0.01°.
Accordingly, two tests were used to evaluate the performance of this phasemeter. The first used a phase shifter constructed from ordinary laboratory equipment from which a phase angle can be established to within several tenths of a degree over a wide range of frequencies, and the second used a quality phase shifter of very high accuracy at a single frequency.
In order to obtain an approximate check over a frequency band, an "operational" phase shifter was assembled from available components as shown in figure 7 . The decade resistors and fixed capacitor (1 fLF) had accuracies specified to within 0.025 percent by the manufacturer. Two different oscillators were used: a frequency synthesizer, with a harmonic distortion of less than 1 percent, which was found to be stable in frequency to better than 1 part in 10-7 over the course of any of our measurements; and an RC oscillator, for which the correspondin g numbers are 0.5 percent and 1 part in 10 4 • Using hypothetical, pure sin e wa ves, neglecting leakage resista nces and stray capacitances , the magnitude of the phase angle 8 evaluated from the circuit in figure 7 is
Measurements were made at arbitrarily selected phase angles within the first quadrant at decade intervals in frequen c y from 0.1 to 10,000 Hz. Agreement was always obtained to within 0.2° up to 1,000 Hz. The apparent phase angle differed by as much as 0.17° under the same settings between the two oscillators_ This disagreement is attributed to their differences in harmonic content. At 10,000 Hz_the agreement was within 0.7 0 ; however, a 0.01 fLF capacitor had to be substituted here in place of the 1 fLF to generate an appreciable phase shift at this frequency. In this case anticipated stray capacities of approximately 100 pF could produce 0.7° difference between the observed value and that calculated from eq (8) . Since all of the measured values fell within the bounds predicted from the uncertainty of the phase shifter, this is not a very meaningful test with respect to accuracy. However, this evidence does indicate reasonable performance and the absence of spuriousness except in the vicinity of 0 and 7T as discussed in the last section. The second comparison was made using a high quality commercial phase shifter operating only at a single frequency. According to the manufacturer's specifications, this instrument is capable of producing two sine waves of sufficient quality to define any phase angle (0 to 27T) to within ± 0.01 ° at 400 Hz. With careful adjustment it is the opinion of this author that a precision to within ± 0.005° can be obtained. The manufacturer's specifications list the harmonic distortion as within 0_05 percent, and the frequency to within 4 X 10-7 over 24 hr.
The results of typical comparison are included in the following table. The first column gives the phase settings on the phase shifter. The second column gives the apparent phase angle evaluated from two sets of data. In the first set an angle 8 is set on the phase shifter and the apparent phase angle cp is observed. In the second, the angle 27T -8 ~ -8 is set on the phase shifte r, the input leads to the phasemeter are reversed, and the apparent phase angle is observed. In each determination these two apparent phase angle s are averaged to give those appearing in the second column. With pure sine waves the phase meter should see no distinction between the two methods by which these values are obtained. However, be twee n these two sets, the apparent phase angles were found to disagree consistently with replicate measurements at a particular phase setting by as much as 0.010, which, incidentally, is the accuracy claimed by the manufacturer of the phase shifter. T hese bi ased differe nces may be attributed to the di ffere nce in harmoni c conte nt between th e primary and shifted signal of the phase shifter. The last column gi ves the di sagree me nt between the correspo ndin g valu es of the first two columns with the average error. The tre nd , in whic h the errors reverse sign at angles larger than 210°, also rev eals the pre se nce of a s mall, bi ased sys te ma ti c e rro r ; however , the disagree ment did not exceed 0.006°.
From the above evid e nce it is appare nt that th e acc uracy of the digi tal phase me ter at 400 Hz is at le ast as good as that of th e co mm ercial phase shifter , whi c h, according to the manufacturer , is ± 0.01°. This uncertainty corresponds to a tim e interval of 0.069 /-tsec. Conside rin g th at the clock pulses are space d by 1 /-tsec and th e rise tim es of the co mpone nts are 1 /-tsec or slightly less, a n e rror in tim e of 0.069 /-tsec is proba bly not excessive in spite of th e averages that are take n by a ppropriate s wit c hin g and measurin g over many cycles of sine wave. If th e prin cipal errors (usin g ideal sin e waves) are fro m t he finite resolution of the clock pulses and finite rise tim es , as expected , the acc urac y should improve as the fre qu e nc y is de creas ed.
Concluding Remarks
In e valuatin g the performance of a prototype of an absolute measuring technique for which all known anticipated systematic errors have been evaluated or eliminated, it is usually desired to compare the appare nt values of the qua ntiti es the instrument is capable of meas uring agains t th e " tru e" valu es obtain ed from a s uitable "stand ard." In this usage the meanin g of a " true" value is th a t obtained from a well establis hed standard fo r whi c h th e resolution is far superior to tha t of the protot ype in that errors gener ated by the standard are esse ntiall y in s ignifi cant co mp ared to those from th e prototype. Th e exact " true" values of a qu a ntity are ne ver known exce pt for so me of the more basic standards for which the valu es a re selected arbi traril y. In order to prevent the possibility of a mutu al oc ' urre nce of a n unanti cipa ted sys te ma ti c e rror, it i:; desirable fo r the two techni q ues to be dis parate but still capable of measuring t he sa me quantity.
In thi s parti c ular compa ri son in whi c h th e di gital ph ase me ter was co mpa re d to the co mme rcial phase s hifter used as a standard , th e agr ee me nt was found always to be within ± 0.006°, whi c h is e ve n be tter than th e ± 0.01 ° acc u racy s pe ci fi ed b y th e man ufacturer of th e com mer cial phase s hifter. On e s hould not ignore the possibility of a coincide nce that th e sa me biased sys te mati c e rrors are com mon to both in strume nts. Howe ver , thi s possibility is considered to be extre mely unlikely sin ce the methods of measurement are very distinct. The commercial phase shifter is based on frequency division and coincidence of Lissajous patterns, whereas the digital phasemeter refers the information to a time base. Also, the commercial phase s hifter utilizes all pairs of corresponding points, whereas the digital phasemeter utilizes only zero crossin gs ignorin g all intermediate information.
In view of the agreement between these two absolute me as ure me nts, utilizin g quite different principles of operation and presuma bly s ubj ect to different types of sys te matic error, it see ms reasonable to claim that both this ne w in s trume nt a nd th e comme rcial phase s hifter are acc ur ate to some thin g be tte r than 0.01° at 400 Hz. As noted above, the ne w in s trum e nt described here s hould have a bout this same acc uracy up to a fre qu e ncy of about 1,000 Hz and e ve n be tte r acc uracy at frequ e ncies lower than 400 Hz providin g th e s ystema ti c errors are princip all y ca used by un ce rtainti es in time in terv als between ze ro crossings. If th e signals we re pe rfect sin e waves and no oth er syste mati c errors e ntered , an error of 0.01° at 400 Hz would correspond to a n error in th e meas ure me nt of tim e of 0.7 /-tsec, certainly an easily attainable acc uracy. The tests described above see m to indi c ate that the syste mati c errors of th e in strument described he re are within this limit, and that any greater "error" is associated not with the measurement itself, but with imperfections in the signals used. One could reasonably say that this instrument measures phase angles defined as the angular separation between an arbitrary pair of corresponding points to better than 0.01° on two periodic signals of identical waveform but displaced in time. For periodic signals with the same freque ncy but different waveform, there is, of course , no unique definition of a phase angle. The definition base d on the angular separation of zero c rossin gs see ms to be appropriate for many uses; for o thers a de finiti on involving co mparison over a co mple te cycle mi ght be preferred. The consideration of the mos t commonly e ncountered imperfec ti ons indi cates, howe ver , that if one defines the phase an gle be tween two voltages consisting of sin e wav es plus imperfection s as the phase between the two pure sin e wa ves, thi s phase measured here will be in error by no more than the ratio of the amplitud e of th e distorti on to the amplitude of the basic sin e wave, plus th e product of the angular frequency and the timing error. This latter factor should not exceed 0.01 0 at 400 Hz and will be proportional to freque ncy.
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